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ABSTRACT 

The singular value Bode plot of return difference and loop 
gain matrices have emerged as useful indicators of 
multivariable robustness. The and H 2 control theories 
provide a systematic procedure for shaping the singular value 
loop gains of a multivariable feedback control system. 

It is shown that H* control theory, using specified 
performance objectives and stability constraints, is effective 
in synthesizing a stabilizing controller for the statically 
unstable longitudinal dynamics of the X-29. H m control 
synthesis also demonstrates a good ability to cope with a true 
multivariable design problem such as the multiple, 
independently controlled surfaces of a super-maneuverable 
aircraft. However, it is also shown that the control surface 
deflections and control rates necessary to effect the 
specified performance levels exceed the performance 
capabilities of the X-29's actuators. 

A work-around to the limited actuator performance is 
provided by penalizing the control input vector more heavily 
during the problem formulation. This approach, while reducing 
the actuator performance requirements, results in a limited- 
performance X-29. 
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I 



INTRODUCTION 



System performance, specifically a system's response to 
input commands, is of primary concern in the design of a 
feedback controller. Of equal importance in controller 
synthesis are stability margin and the remaining performance 
characterizations such as disturbance attenuation and 
sensitivity. Stability margin is a relative measure of a 
control system's stability, i.e., defining the smallest 
perturbation or modeling error that will cause the control 
system to become unstable. Disturbance attenuation and 
sensitivity refer to a control system's ability to reduce or 
limit the effects of disturbances and plant variation, 
respectively, on the plant outputs. The analysis of single- 
input single-output (SISO) systems has the advantage of 
classical techniques, including Nyquist diagrams, Bode plots, 
and root locus plots, to measure the gain and phase margins 
and system performance. Attempts have been made to extend 
these classical SISO theories to the multi-input multi-output 
(MIMO) case. Often, however, these multivariable 
generalizations do not accurately represent the stability 
margin and performance characterizations of the MIMO system. 
A prime example is the multivariable generalization of the 
Nyquist Theorem. Although the stability of a MIMO system can 
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be determined from a multivariable Nyquist diagram, the 
classical gain and phase margins are not meaningful. 

It has, therefore, become necessary to redefine the 
measures of multivariable stability margin and system 
performance. In recent years a number of control theorists, 
including Doyle, Safonov, MacFarlane, and Lehtomaki among 
others, have conducted considerable research on the analysis 
of multivariable system robustness [Refs. 1, 2, 3, 4, 5]. As 
a result of renewed concern with such multivariable feedback 
issues as stability margin, disturbance attenuation, and 
sensitivity, singular value Bode plots of return difference 
and loop gain matrices have emerged as useful frequency domain 
indicators of multivariable robustness [Refs. 1, 3]. The term 
robust or good robustness is used to describe a multivariable 
feedback control system characterized by a large stability 
margin, good disturbance attenuation, and low sensitivity 
[Ref. 3]. 

The development of H,,, frequency-weighted linear quadratic 
guassian (LQG) (or H 2 ) , and LQG loop transfer recovery control 
theories, as well as the numerical optimization technique 
investigated by Gordon [Ref. 6], have made singular value loop 
shaping a reasonable if not routine procedure. By singular 
value loop shaping is meant the purposeful manipulation of a 
feedback control system's loop gains over a specified 
frequency bandwidth in order to improve performance and 
stability margins. and H 2 theories provide direct, reliable 
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techniques for synthesizing a controller which satisfies 
singular value loop shaping specifications. The LQG loop 
transfer recovery theory provides a less direct yet effective 
means of achieving singular value loop shaping requirements. 
The numerical optimization procedure is a relatively direct 
design method which manipulates the system feedback gains as 
design variables [Ref. 6:p. 4]. This manipulation is 
conducted such that singular value loop shaping requirements 
are met. [Ref. 7] 

Most published H,,, design examples have been textbook 
studies [Ref. 8]. It is the purpose of this thesis to assess 
the effectiveness of H., control theory in synthesizing a 
stabilizing controller for a reduced order, linearized model 
of the X-29 longitudinal dynamics. Chapter II discusses 
multivariable feedback properties, the role of the return 
difference matrix in evaluating these feedback properties, and 
singular value loop shaping. H«, control theory and design 
implementation are presented in Chapter III. The results of 
the H 0 synthesis of a controller for the X-29 longitudinal 
dynamics are discussed in Chapter IV. Conclusions are 
presented in the Chapter V. 
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II 



FEEDBACK PROPERTIES OF MULTIVARIABLE SYSTEMS 



The feedback properties of a linear system include 
stability and stability margin, sensitivity to plant and 
controller variations, and disturbance attenuation. These are 
the same system properties used in the Introduction to define 
the robustness of a multivariable feedback system, and can be 
altered only through the use of feedback. The 
characterization of a system's response to commands is omitted 
from this list of feedback properties since command response 
can be altered by prefiltering of the command signal. That 
is, feedback is not required for improving command response. 
This is not to imply that command response can not be 
controlled through feedback. However, purposeful manipulation 
of command response is best performed in the feedforward path. 
[Ref. 3] 

Throughout this thesis, vectors are denoted by bold lower 
case letters while matrices are indicated by bold upper case 
letters . 

A. RETURN DIFFERENCE MATRIX 

The return difference matrix is fundamental in the measure 
of a system's feedback properties and, therefore, to its 
robustness. Originally associated with SISO systems, the 
return difference concept has been extended to a MIMO 
generalization as discussed by Doyle and Safonov [Refs. 1, 3]. 



4 



Consider the feedback configuration presented in Figure 
2.1, and let G(s) and F(s) be matrices of time invariant 
transfer functions for the system plant and controller, 
respectively. With the loop broken at the plant output, the 
transfer matrix 

I + G (s) F (s) (2.1) 



2 





u i 




- F ( s) 


► " 


G(S) 



u. 



Figure 2.1 Return Difference Illustration 



is referred to as the output return difference matrix. This 
definition is more apparent if an external input vector u 2 is 
injected at point 1 of the loop. The transformed signal y 
returned at point 2 is 

y (s) = -G(s)F(s)u 2 (s) , (2.2) 
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and the difference between the injected input and the returned 
output vector is 

u 2 (s) - y (s) = [I + G(s)F(s) ]u 2 (s) . (2.3) 

If this loop is broken at the plant input, the resulting input 
return difference matrix is 

I + F ( s ) G ( s) . (2.4) 

The inverse-return difference matrices are defined for the 
output and input nodes as 

I + (G(s)F(s)) 1 (2.5) 

and 

I + (F(s)G(s) ) 1 , (2.6) 

respectively. Finally, the associated output and input loop 
gain matrices, also called return-ratio matrices, are 

G (s) F (s) (2.7) 

and 

F ( s ) G ( s) , (2.8) 

respectively. [Refs. 4, 9:p. 45] 

B. MATRIX NORMS AND SINGULAR VALUES 

The quantification of feedback qualities is necessary so 
that alternative feedback designs can be directly compared in 
the selection of an optimal design. To quantify the feedback 
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properties of a system, a frequency-dependent, scalar measure 
of the return difference matrix size is required. For SISO 
systems the appropriate measure of the return difference 
matrix is its magnitude, i.e., |l + g(jw)f(jw)|. This is 
recognized as the distance to the critical point of the SISO 
Nyquist diagram for additive perturbation, and is a measure 
of the relative stability of the system. 

The notion of matrix size is extended to multivariable 
systems through matrix norms. The spectral norm, routinely 
used in the analysis of MIMO systems, is defined as 

IN 2 = max A^(A h A) = a max (A) (2.9) 
i 



where A i is the i th eigenvalue of A H A, and A H refers to the 
complex conjugate transpose of matrix A. The singular values 
of a complex nxn matrix A, denoted o i (A) , are the non-negative 
square roots of the eigenvalues of A H A, that is 

A) = X, % (A h A) (2.10) 



where a 1 > a 2 > . . . > a n . The maximum and minimum singular 
values of A are denoted by a max and a mjn , respectively. 

Some useful properties of matrix singular values are [Ref. 



5] : 



<W A ) 



2 * <W A ) 



IIax | 2 



max 




II A* II 2 

min 

x II ac II 2 
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3- <W A > * IM A ) I * <W A ) 

1 1 

4. if A' 1 exists, a min (A) = — and 0mM ( A) = — 

<W A ) <W A > 



5. 


ff n»x< ttA ) 


= hi 


a max( A ) 




6 . 


a max( A + 


B) < 


<W A ) 


+ <WB) 


7 . 


a max ( A ® ) 


— ^max 


x 


(B) 



8. ^(B)} < ^([AB]) 

< J2 max(ff max (A) , a MX (B)}. 



Properties 1 and 2 are significant as they establish the 
maximum and minimum gains of the matrix, respectively. The 
minimum singular value, property 2, is also used to measure 
a matrix's nearness to singularity. Finally, the 
multivariable generalization of return difference matrix size 
is 



o-[I + G(jw)F(jw)] (2.11) 

or 

a. [I + (G(jw)F(jw) ) 1 ] (2.12) 

for additive and multiplicative perturbations, respectively. 
The significance of Equations (2.11) and (2.12) will be fully 
explored in the following section. 

C. MULTIVARIABLE ROBUSTNESS AND SINGULAR VALUE LOOP SHAPING 

Large loop gains, i.e., G(s)F(s) >> 1, are necessary to 
ensure good performance from a feedback control system. 
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However, the need for a system's tolerance to plant 
uncertainties restricts the frequency range over which the 
loop gains are permitted to be large. This tolerance to 
uncertainties, or modeling errors, is a measure of a system's 
relative stability. Therefore, the design of a feedback 
control system requires a trade-off between performance and 
stability robustness. These concepts are fully developed in 
this section. 

Consider the multivariable feedback control system 
presented in Figure 2.2. Included are the transfer function 
matrices for the plant, G(s) , and stabilizing controller, 
F(s), which are driven by the command, r, disturbance, d, and 
sensor noise, 7), vectors. In this configuration, d is 
represented as the equivalent disturbance at the controlled 
or output variable vector, y [Ref. 9:pp. 168-174]. The 

feedback properties of this system, i.e., the multivariable 
stability margins and performance, can be measured using the 
closed loop transfer function matrices from the driving 
inputs, r, d, and 7), to each of the outputs, y and the control 
vector, u. Namely, these matrices are 

S ( s) = [I + GfsJFts)]- 1 (2.13) 

T ( s) = G (s) F ( s) [I + GCsJFCs)]' 1 = I - S(s) (2.14) 

and 

N (s) = F (s) [I + G(s)F(s)]' 1 (2.35) 
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